ON THE UNBOUNDEDNESS OF MARTINGALE TRANSFORMS R. Durrett, UCLA
The starting point for our investigation is an observation of Stein and Weiss (1959) or more precisely Davis' (1973) Finally let v(x) be the "harmonic conjugate" of u: i.e. the unique function with v(0) = 0 which makes u + iv an analytic function. The function u is an object which has been much studied by probabilists (see e.g. Port and Stone (1978) , F. Knight (1981) , or Chung (1982) have a = T.
To motivate our generalization we begin by redescribing the relationship between u and v. It is well known (see Meyer (1976) or Durrett (1984) , Section 2.14) that he Burkholder Gundy inequalities (see Meyer (1976) or Durrett (1984) and it is also easy to see that these are the only ones.
(6) Any matrix satisfying (4) can after a change of basis be written in the form given in (5). The last result shows that the behavior observed by Stein and Varopoulos (1980) ) from the other martingale transforms. Faced with this situation, if we want to prove something for more general matrices we have to settle for something less than the conclusion of (4). The next result shows that we can weaken the condition on the matrices quite a bit without sacrificing too much in the conclusion, (7) If A has no real eigenvalue then there are C and y which depend on A and P(B) so that P ( sup I (A * > y) ~ Ce-YY Before proving this we would like to make two remarks which explain the condition and the conclusion. (7) is (here C,y (o,~) are constants whose values may change from line to line) and the John Nirenberg inequality (see Meyer (1976) (9) U iS a Brownian motion Which iS independent of t n 0). Proof. This is a consequence of a theorem of F. Knight (1971) 
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Since this is a rather straightforward generalization of (7) we will explain why we want to prove this before we describe how to do it. In our discussion of (4) above we observed that if d is odd then A must have a real eigenvector, so the hypothesis of (7) cannot be satisfied in this case. With the matrices of (5) (11) A simple generalization of (9) 
